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1 Introduction 


Instantons play a major role in the understanding of the non-perturbative properties of QCD. 
The solution of the U (1)^ problem, the mass of the rj' and the explanation of the spontaneous 
chiral symmetry breaking in QCD furnish instances of issues where instantons are the leading 
actors -see [1] and [2] and references therein. Two chief phenomena which are at the heart of 
instanton physics are following. First, instantons interpolate in Euclidean time between two 
classical vacuum states with winding numbers n and n+1, respectively, thus yielding the semi- 
classical contribution to the transition probability between these two classical vacuum states. 
Secondly, in the presence of massless quarks, the instanton transition leads to compulsory 
quark-anti-quark pair creation or, alternatively, turns a left handed quark into a right handed 
quark. 

Instantons also occur in noncommutative U{N) Yang-Mills theories, in spite of the fact 
that, even classically, they are not invariant under scale transformations. It all started with 
the construction of instantons in noncommutative U{1) theory by the authors of ref. [3] - 
see also ref. [4]. These instantons have no counterpart in ordinary space. Then instantons 
in noncommutative U(2) theories were constructed [5, 6, 7, 8], and thus was obtained the 
noncommutative counterpart of the celebrated BPST instanton [9]. (Multi)-Instantons in 
noncommutative U{N) gauge theories have also been constructed in refs. [10, 11, 12, 13, 14, 
15, 16] and [17]. The physical effects of the noncommutative U{N) instantons have been 
analyzed in a number of papers. We shall just mention that the zero modes of the Dirac 
operator in a noncommutative instanton background have been studied in ref. [18] and that 
the quantum corrections around such types of backgrounds have been worked out for N = 2 
supersymmetry in ref. [19]. 

Noncommutative QCD was constructed in ref. [20] as a part of the noncommutative stan¬ 
dard model -see also refs. [21] and [24] and see refs. [22, 23] for other approaches. In the 
generalization of ordinary QCD of ref. [20], the noncommutative gauge held does not take 
values in the Lie algebra of SU (3), but rather in its enveloping algebra. Actually, the non¬ 
commutative helds are built from the ordinary helds with the help of the Seiberg-Witten 
map [25]. Thus it was circumvented what appears to be a shortcoming of the standard frame¬ 
work of noncommutative gauge theories, namely that it can only be applied to U{N) groups. 
Indeed, in this standard framework -see ref. [26] for a good introduction to the subject- the 
noncommutative gauge held unavoidably takes values in the Lie algebra of U{N ), or direct 
products of such groups [27]. Some phenomenological [28, 29] and theoretical [30, 31, 32] prop- 
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erties of noncommutative gauge theories with SU (iV) gauge groups have been investigated so 
far, but a lot of work remains to be done.In particular, the study of the existence of instantons 
and, would they exist, the phenomena they give rise to, is, up to the best of our knowledge, 
a completely unexplored territory. This is in sharp contrast with the case of noncommutative 
U{N) theories. Note that in the case at hand, the SU{N) theory is not included in the 
U (iV) case, since the noncommutative SU (iV) gauge held does not take values in the Lie 
algebra of SU{N). Soliton solutions in theories with U{1) symmetry dehned by using the 
Seiberg-Witten map have been obtained in [33, 34]. 

This paper is devoted -partially- to the study of the existence of held conhgurations in 
noncommutative SU (3) Yang-Mills theory that generalize the ordinary instanton held. We 
shall also analize the coupling between massless quarks of diherent chirality that these con¬ 
hgurations give rise to and compute the corresponding ’t Hooft vertices at hrst order in the 
noncommutative parameters h6^'^. hd^'^ dehne the noncommutative character of space, for 
the coordinates no longer commute but satisfy [X^, X^] = i hO^'^. h sets the noncommutative 
scale. Unless otherwise stated, we shall assume that Euclidean time is commutative -i.e., that 
04* = 0, f = 1,2 and 3, in some reference system-; thus, upon Wick rotation the concept of 
evolution will be the ordinary one. Further, for this choice of 9^^^ , the Wick rotated action can 
be chosen to be at most quadratic in the hrst temporal derivative of the dynamical variables 
at any order in the expansion in hd'^'' and, thus, there is one conjugate momenta per ordinary 
held. This makes it possible to use simple Lagrangian and Hamiltonian methods to dehne the 
classical held theory and quantize it afterwards by using elementary and standard recipes. If 
time were not commutative the number of conjugate momenta will grow with the order of the 
expansion in h and then the Hamiltonian formalism will have to be generalized in some way 
or another [35, 36]. This generalization may ahect the quantization process in some nontrivial 
way and deserves to be analyzed separately, perhaps along the lines laid out in ref. [35]. 

The layout of this article is as follows. In Section 2, we look for -and conclude that there are 
none- solutions to the SU{N) noncommutative (anti)-self-duahty equations that are formal 
power series in hd ^'^, with 0^* = 0 , i = 1, 2 and 3 . Section 3 deals with the construction of 
held conhgurations that go to the ordinary instanton as 0 and that render stationary, 

at hrst order in hd ^'^, the action of noncommutative SU (3) Yang-Mills theory. These held 
conhgurations will be called hrst-order-in-0-deformed instantons. In Section 4, we study the 
coupling between light left handed and right handed fermions that the held conhgurations 
found in the previous section produce and work out the appropriate’t Hooft vertices. We do 
this in theories with one, two and three light fermions. The two- and three-light fermions cases 
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are relevant in connection with noncommutative QCD. In the last section, we summarize, draw 
conclusions and suggest how to carry on with the program started in this paper to include 
corrections at second order in h6^'^ or higher. The paper also includes hve Appendices. In 
Appendix A, we consider an arbitrary and seek for solutions to the SU{N) noncom¬ 

mutative (anti)-self-duahty equations that come as formal power series in h6^'^. The classical 
vacua of non-commutative SU{N) that are also formal power series in h6^'^ are found in 
Appendix B, when time is commutative. Appendix C is devoted to the construction at first 
order in h6'^‘' of the zero modes of the kinetic term of the quantum gauge field fluctuations in 
the background of a £rst-order-in- 6 -deformed instanton. We also compute the zero mode of 
the 6— deformed Dirac operator in that very background. In Appendix D, we shall show that, 
when 0*^* = 0 , i = 1, 2, 3 , no topologically nontrivial solutions can be found as power series in 
hO^'^ that solve the equations of motion of noncommutative SU (3) Yang-Mills theory. Several 
formulae used in the paper are collected in Appendix E. 


2 Noncommutative SU{N) instantons 


A noncommutative SU{N) gauge held, A^[a ^], -see [21]- is a self-adjoint vector held that 
takes values in the enveloping algebra of the Lie algebra of SU{N) and that is obtained from 
a given ordinary SU{N) gauge held, , by means of a formal series expansion in powers of 
hfffj.i' provided by the Seiberg-Witten map. As is well known, the Seiberg- Witten map is not 
unique [37, 38, 39], so that we shall call standard Seiberg-Witten map the straightforward gen¬ 
eralization to SU{N) of the original expression introduced by Seiberg and Witten in ref. [40]. 
The standard form of the Seiberg-Witten map reads 


P- dfin-l 

n=l 


dA^ 

dh 


— — — 9°‘^{aa, dpa^ + //3/i} + 0{h‘^9‘^), (2.1) 

h=0 4 


where 


( 2 . 2 ) 


ff^i, stands for the ordinary held strength. The symbol -k denotes the Moyal product of 
functions, i.e., {f k g){x) =/(x) exp(^6'"^<9„(9^)5((a;), and {f,g}^ = {f k g){x) + {g k f){x) . 


/^From the previous , one constructs the noncommutative held strength, F^,y[ao-], as 


follows 




[a] - df^A^ - dyA^ - i[A^,, A^]^ - + Y^2=i ^ 

= f,u + M - {dg + + 0{h^9 


h=0 
2n2\ 


(2,3) 
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(2.4) 


Here, ^ ^ s^nd. 

^ = i9"'’{f,.<.. - i9"'’{-4„. (S^ + ®^)F„>.}.. 

The action of a noncommutative SU{N) Yang-Mills theory is given by 
Sncym = ^ f Tr -k 

fO 't'I 

= ^ /dir Tr [\f^uf^iu - jOapfafsf^uft^u + hO^p f^,afupf^,u] + 0{h‘^9'^). 

We shall take to be in the fundamental representation of SU{N). We shall only consider 
ordinary gauge fields, , such that each term in the formal expansion on the r.h.s. of eq. (2.5) 
is hnite. Thus, we shall impose the following boundary condition on : 


af,{x) ig{x)df,g'^{x) + O 


as a; —cx). 


g{x) stands for an ordinary SU{N) gauge transformation such that g{x) —> 1 as | a; cx). 

It is then postulated that Sncym governs the dynamics of our SU{N) held theory on 
the four-dimensional noncommutative Euclidean space dehned by [X^, X^] = ih 6 ^'^, with 
= 0 , Vi. 

Let us introduce the noncommutative dual held strength, F^y[x ), and its ordinary coun¬ 
terpart: 

1 ~ 1 
Ffiv 2 ^perj fpu 2 ^pi'P'y fper' 

Then, a noncommutative SU{N) held A^[ao-] has Pontrjagin index n if the following equation 
holds 

n = y^lr Tr )(a;). (2.7) 

It can be shown [32] that for ordinary gauge helds satisfying the boundary conditions in 
eq. (2.6), the Pontrjagin index of A^[a„] is equal to the Pontrjagin index of the ordinary held, 
a„ , that dehnes the former as in eq. (2.1). Indeed, 

j d1r Tr {F^^[aa\-k Ff,^[aa\ ){x) = jd^x At ff,^{x)f^^{x). (2.8) 

We shall say that Afj\aa \, dehned by a given ordinary held as in eq. (2.1), is a noncom¬ 
mutative SU{N) instanton if it has Pontrjagin index -see eq. (2.7)- equal to one and it is a 
solution to the self-duality equation: 


Fpu O'er Fpv Oer ■ 
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It is not difficult to show that every noncommutative SU{N) instanton renders stationary the 
action in eq. (2.5). Indeed, 

Sncym = ^2^ j d^x Tr ^ j Tr[(F^,, ± F^d) ^ {F^u ± Ff,y)]. (2.10) 


Both sides of the self-duality equation -eq. (2.9)- are dehned as formal power series in hd^'^ 
-see eq. (2.3)- around the appropriate ordinary object: or . Hence, one would like 

to hud solutions to this equation that are formal series expansions in powers of h6^‘' around 
topologically nontrivial solutions to the ordinary self-duality equation = f^i,. We shall 
show below that no such solutions exist if = 0 in a given reference system. 


Let , a solution to eq. (2.9), be given by the following formal power series in h6^'^: 

OO 

af,[h]{x) = a®(a;) + ^ h'^af^x), (2.11) 

k=l 


where ^ {x) is a homogeneous polynomial in 6^'^ of degree k whose coefficients are functions 

of X that take values in the Lie algebra of SU{N). Then, using the expression for F^^[aa] 

on the second line of eq. (2.3), one concludes that the following equations hold 

AO) _ AO) 

J — J , 


2) 


I 1/3«/3 /f(0) f(0)l _ H _ ^(0)^(1) , 1 fla/3 rf(0) A0).\ 

H Ui/ jjy Ufj, -T 2^ \J , J f — ^cr XJ p Ua ~r 2 ^ \J pa ) J af} f I ’ 


( 2 , 12 ) 

where — i[ap \ . Since aly\x) takes values in the Lie algebra of SU{N ), 

not U{N ), the trace over the SU{N) generators on both sides of the second equality in the 
previous equation yields 


nap f{0)a£{0)a _ ^ fl«h ^ x(0)a^(0)a 

^ J p,a J uP r\ ^ ^pupa J pa J a-p 


(2.13) 


stand for the components of f^J in terms of the generators, T“ , of SU{N). Now, since 
= 0, we can always choose 6^“^ = 6 and 6'^^ = —6 as only non-vanishing components of 
Qp-i '. For this 6^'^ it is not difficult to show that the set of equations constituted by the hrst 
equality in eq. (2.12) and the identity in eq. (2.13) is equivalent to the following one: 

r(0) a _ fiO) a f{0) a _ fiO) a ^(0) a _ .r(0)a 

Jl2 — 334 ) /l3 ~ ~/24 ) /l4 ~ 323 ) 

E„l(/S'“)" + (/S’”)" + USF] = 0 , 


/^From these identities one readily concludes that a® has vanishing field strength, so that it 
is gauge equivalent to the vanishing gauge field. 
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We have shown so far that when the standard Seiberg-Witten map -dehned in eqs. (2.1) 
and (2.2)- is employed to dehne the noncommutative held strength , the self-duality equa¬ 
tion -eq. (2.9)- has no solution of the type displayed in eq. (2.11). We shall show next that 
this state of affairs remains unaltered for the most general type of Seiberg-Witten map. At 
hrst order in hO ^'^, the most general expression for the Seiberg-Witten map reads 

^1. = Op-+ /;!;,} ++ + 

(2.14) 

where Ki, i = 1,2,3 are arbitrary real numbers. The noncommutative held strength for the 
previous noncommutative gauge held is given by 

F,u = Uu + U} - - mi fap] 

- m-2 [fla, ap]] - Kz h{0fT)i,T)Pfpp - 0/T)fpp) + O{h^0‘^). 

Substituting this expression in both sides of eq. (2.9), one concludes that eq. (2.13) is not 
modihed by the new terms in the previous . Hence, no solutions to the noncommutative 
self-duality equation can be found by using formal powers series in h0^'^ around ordinary helds 
with non-vanishing instanton number. 

It is clear that the result we have obtained for the self-duality equation also carries over to 
the anti-self-duality equation: 



The reader may wonder what would the situation be had we assumed an arbitrary 0^’-'. In 
Appendix A we show that the self-duality equation dehned by the standard Seiberg-Witten map 
has topologically nontrivial solutions of the type in eq. (2.11) if, and only if, 0^'^ is self-dual: 
0^lv = \^^ivpa0^'^ ■ Actually, these solutions are the ordinary gauge held conhgurations that are 
self-dual. Analogously, the anti-self-duality equation has solutions of the type in eq. (2.11) 
with non-vanishing Pontrjagin number if, and only if, 0^^'^ is anti-self-dual: 0py = —\epypa0P^ . 
These solutions are ordinary held conhgurations that are anti-self-dual. In other words, if 0^^^ 
is self-dual, the standard Seiberg-Witten map in eq. (2.1) maps ordinary (multi-)instantons into 
noncommutative (multi-)instantons and if 0^^^ is anti-selfdual, the standard Seiberg-Witten 
map maps ordinary (multi-)anti-instantons into noncommutative (multi-)anti-instantons. 
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3 First-order-in-^-deformed instantons 

In this section we shall look for ordinary held conhgurations, a^[h]{x ), that render stationary 
the action of Euclidean noncommutative SU (3) Yang-Mills theory up to hrst order in 
and that admit a formal series expansion in powers of . We shall further assume that 
these held conhgurations have a smooth dependence on the space coordinates, that they satisfy 
the boundary conditions in eq. (2.6) and that they go to the ordinary instanton as h —0 . 

From eq. (2.5), one derives the following equation of motion up to hrst order in hO^'^: 

TrT“ + + =Q + o{h^e^). (3.1) 

Now, any ordinary SU{3) instanton, , has the form 

a”“(x) = 

where U is an arbitrary rigid SU{3) transformation and a®’"®'^(a;) denotes the upper-left-hand 
corner embedding in SU (3) of the ordinary SU (2) instanton, which can be written as 

in the regular gauge. T“ , a = 1, 2, 3 denote the upper-left-hand corner embedding of the 
SU{2) generators into the SU{3) generators and rjaf^u stands for the self-dual’t Hooft sym¬ 
bols [41]. 

Since eq. (3.1) is invariant under SU{3) transformations, we shall hnd hrst a solution to 
it of the form 

a^[/i] = -|- hb^ + 0{h^9^). (3.3) 

Then, we shall apply to this solution an arbitrary rigid SU{3) transformation. This type 
of solutions will be called hrst-order-in-0-deformed instantons. in eq. (3.3) is an SU{3) 
Lie-algebra-valued smooth vector held which is linear in and vanishes rapidly enough at 
inhnity. 

Let us substitute the previous a^[h] in eq. (3.1) and discard any contribution of order h‘^9‘^. 
Of course, the order contribution thus obtained is satished by construction: = 

0 . The order h9^'' contribution yields a non-homogeneous equation for b^ : 

-iTr T“[6^, T] + Tr = 

1 'T'l-f ^BPST /r^BPST .TBPST i /T^BPST .TBPST'I 

2 Iri U Jua J* 
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The action of [T“,], a G {1,2,3} over the generators of SU{3) dehnes four irreducible 
representations of SU (2): a spin one representation acting on the linear span of (T^, T^, T^} , 
two spin 1/2 representations acting on the linear span of (T^, T^, T®, T’^} and a singlet acting 
on T® . On the other hand, if a, 6 G (1, 2, 3} , we have {T“, T^} = |(5“^11 + dabcT'^\a,b&{i, 2 , 3 } = 
i5“^ll + . This last identity implies that the r.h.s. of eq. (3.4) is non-zero only for 

a = 8 . Let us express b^, as 

= P-5) 

C=1 

Then, taking into account that the action of [T“, ], a G (1, 2, 3} , does not mix the irreducible 

f 1 7) 

representations mentioned above, one concludes that the equation of motion for bu'" ^ decou¬ 
ples from that of 6® . For the equation of motion reads 

(j,.p„(j,.p=Tj,1,„7, _ J,=PSXJ,L..7)) _ ^ a€l....,7, (3.6) 

whereas for bf ,, we have the following non-homogeneous equation: 

nap 

(□ipx - dMbl = 5^ [/™x.,j,.p,xy„,x ^ J,BPPX^=PPX).]^ ,3 7) 

a ^ 

Let us hrst solve this second equation. The most general solution to eq. (3.7) is of the form 
-1- ^ jjHpo-rt) ^ particular solution to it and denoting the most 

general solution to the corresponding homogeneous equation 

Any solution to the latter equation which is smooth and vanishes at inhnity reads = 

d^(j) , where 0 is an appropriate function. Recalling that T® commutes with T“, a G (1, 2, 3} , 
one concludes that this 5®^^°™'^ can always be generated by applying to a^[h] in eq. (3.3) the 
following gauge transformation: g{x) = thus left with the problem of hnding 

a particular solution, 5®*^^“''*^, to eq. (3.7). 

Let us assume that 5®*^^“'’*^ satishes the transversality condition = 0 and has the 

following form: 

^8(part) ^ - Xo)^] - “ Xo)^g[{x - Xo)^], V = (3.8) 
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where Xq is the centre of the ordinary BPST instanton. Then, eq. (3.7) boils down to the 
following equation to be satished by f[{x — Xq)"^] and g[{x — XqY] : 

48p^ 


3|/' + {x- xofy" = 


y = f:9- 


v^[(a;-a;o)2 + p2]5’ 

A solution to this equation that is smooth and vanishes at inhnity is given by 

2 r2 + 3p2 


y{x) = f[{x - xo) ] = g[{x - xq) ] = 


^ (r2 + p2)3’ 


where = {x — XqY . Substituting the previous result in eq. (3.8), one dually gets that, 
modulo gauge transformations, the solution, 6® , to eq. (3.7) that is smooth and vanishes at 
infinity reads 


7)8 = h^ipart) 


Again, = (x — xoY ■ 



Xo)u 



Xo)u) 


+ 3p^ 

(^2 _|_ p2^3 


(3.9) 


Let us now solve eq. (3.6). Using the fact that and the relation [f^,y, = 


, this equation can be turned into the following equality: 


(2:,BPSX{[2:,BPSX^(l...r) _ SBPST^(1...7)] _ -e,,^^[2)BPST^(1...7) _ = 0, « G 1, . . . , 7. 

(3.10) 

(1 7) 

We shall show next that any smooth b^t ^ that vanishes at infinity is a solution to the previous 
equation if, and only if, it solves the following equality: 


- or ’' 6 *'' '’1 - ”1 =». 

Let denote the left hand side of the previous equation. Then eq. (3.10) reads 


(3.11) 


= 0 . 


(3.12) 


Since is an anti-symmetric and anti-self-dual object, it has the following representation 
in terms of a spinorial object , where — o'pd^) with 

= (d, i) and = (—cf, i). In terms of 11"^ , eq. (3.12) reads 

= 0 , 

where “tr” stands for the trace over the spinor indices and is the transpose of hi with 
regard to the latter indices. Since {c^} is an orthogonal basis of the 2x2 matrices, the 
previous equation is equivalent to 

fiT = 0. 
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Applying to this equation, one concludes that 

(2)BPST)2^T ^ Q_ 

Indeed, just take into account that a^ay = —5^y — 2ia^y and that o'^yfj^y^'^ = 0. The latter 
equality is a consequence of <7^,^ being anti-self-dual and fj^y^'^ being self-dual. Now, 
is a positive dehnite operator, so that it has no normalizable non-vanishing eigenvectors with 
zero eigenvalue -see [42], Hence, 

= 0 . 

Recalling that , we conclude that VL^y{x) -smooth anti-symmetric anti- 

self-dual object that vanishes at inhnity- satishes eq. (3.12) if, and only if, VL^y{x) = 0. We 
have thus shown that solving eq. (3.10) is equivalent to solving eq. (3.11) for smooth functions 
that vanish at inhnity rapidly enough. Now, eq. (3.11) is the equation for the zero modes of the 
ordinary SU{3) instanton [43]. Hence, the we are looking for are linear combinations 

of those zero modes with coefficients that depend linearly on 6 ^'^, and can thus be obtained by 
deforming inhnitesimally the collective coordinates of a given SU (3) ordinary instanton. Since 
this deformation yields another SU (3) instanton, we shall set, without loss of generality, by 
to zero. Substituting both this result and eq. (3.9) in eq. (3.5), and the result so obtained, in 
turn, in eq. (3.3), one gets the most general £rst-order-in-6*-deformed instanton, , in 

the regular gauge: 

= Uafj,[h]{x)U^. (3.13) 

Here, U is an arbitrary rigid SU{3) transformation that does not leave afj,[h] invariant and 
a^[h] is given by 

af,[h] = [O^^y - 9^y]{x - xo)y 

V 3 U -r P ) 

where a®®®'® is defined in eq. (3.2) and = (x — xq)^ . 

It can be shown that a^[/i] has instanton number equal to 1 and that its contribution to 
the noncommutative Yang-Mills action in eq. (2.10) reads 

Sncym = — 2 —^ 0{h^9‘^). 

Hence, at the order we are working -first order in h9^'' ~ a^[/i] gives no correction to the 
famous value - ^ - of the corresponding ordinary theory. 
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/^From eq. (3.13), one learns that, at first order in h6^’^, the moduli space of non- 
commutative SU (3) Yang-Mills theory has dimension 12 for the k = 1 instanton sector. In¬ 
deed, as in the ordinary case, there are 12 collective coordinates that parametrise 
in eq. (3.13): p, Xq and the seven angles of the coset space SU{3)/U{1). 


In the next section and in Appendix C, we shall use our generic hrst-order-in- 6 ^-deformed 
instanton in the singular gauge, which we shall denote by is given by 




dsing) 


x) = rj^ 


(x-xq)^ 


(x—xo}'-^[(x—xoy^+p'-^ 




\ _(£-xoF+3p2 g (3.15) 

OJq: 


r“ , a = 1, 2 and 3 , stand for the upper-left-hand corner embedding of the SU{2) generators 
in the generators of SU{3) , both sets of generators being in their fundamental representa¬ 
tions. a|r™®^(a;) is obtained by applying to af^[h]{x) in eq. (3.14) the following SU{3) gauge 
transformation g{x) = ^ where = ( r^, —i) and V = (r^,r^,r^). 

y/ (x-xo)^ ^ 

We shall close this section by making the connection between the hrst-order-in- 6 ^-deformed 
instanton in eq. (3.14) and the classical vacua of noncommutative SU{3) Yang-Mills theory. In 
ordinary SU{3) Yang-Mills theory the instanton interpolates -along Euclidean time- between 
a classical vacuum in the distant past that has winding number n and a classical vacuum in 
the distant future with winding number equal to n + 1. We shall see below that the same 
type of phenomenon occurs when our £rst-order-in- 6 ^-deformed instanton is at work. Since 
the phenomenon in question is most easily exhibited in the Euclidean temporal gauge, we shall 
perform a gauge transformation so that our first-order-in- 6 ^-deformed instanton satisfies the 
gauge condition 04 [h] = 0. Our first-order-in- 6 ^-deformed instanton in the temporal gauge, 
04 [h] = 0 , reads thus 


a.[hY^"^P°^‘^\x,T) = g{x,T)ai[h]{x)g{x,Ty + ig{x,T)dig{x,T)\ i = 1,2,3, 


where x = {x,t) , ai[h]{x) is given by the r.h.s of eq. (3.14) and 

g{x,T) = 


a 4 [h]{x,t) is defined by the r.h.s. of eq. (3.14) and g_{x)e SU{3) is such that p_(| x cx)) = 
1. We see that = — cxd,!;) = a~{x) = ig^{x)dig^{x)'^ and that = 

+cx),a;) = al{x) = ip+(a;)(9ip+(a;)i, with 


g+{x) = exp 


■ —mxa ■ 
-a/oF + p2. 


exp[—i 7 r 0 ®(a;)T®] g-{x), 


08 (F) = h—9oiXi 


2 F^ + 5p^ 

(F2 + p2)5/2- 
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Now, it can be shown -see Appendix B- that, for commntative time and in the temporal gange, 
all classical vacna, ai[h]{x), of the noncommntative Yang-Mills theory that admit a formal 
series expansion in powers of are ofthe form ai[h]{x) = ig{x)dig{xy -g{x)eSU{3). Now, 
if a~ (x) has winding nnmber eqnal to n, (x) has winding nnmber eqnal to n -|- 1; notice 

that the famous hedgehog matrix occurs in the dehnition of g+(x) and that exp(—i7r0®(a;)T®) 
has vanishing winding number. We have thus shown that for noncommntative SU{N) Yang- 
Mills theory, when time is commutative, our first-order-in- 6 -deformed instanton held connects 
along Euclidean time a classical vacuum in the distant past with a classical vacuum in the 
distant future, the latter having a winding number which is one unit greater than the former’s. 
This transition cannot be accomplished by continuous evolution along the classical trajectories 
-i.e., solutions of the equations of motion on noncommntative Minkowski space-time- since it 
involves a change of the winding number. The phenomenon, as in ordinary Minkowski space- 
time, is a genuine quantum effect: the transition is realised by tunnelling between the two 
vacua. We shall analyze this tunnel effect in the next section. 

4 Vacuum to vacuum transition and ‘t Hooft vertices 

For Euclidean signature and at hrst order in , the action of non-commutative SU{3) gauge 
theory with Uf Dirac fermions is obtained by adding to Smcym in eq- (2-5) the fermionic 
action Sp , which is given by: 

/=i 

Here, /C denotes the following 6^-deformation of the ordinary Dirac operator ip[a^]: 

th th 

~^^al3lpfpaDfj\Oj^ -\- pf (^•2) 

This operator has -at least in perturbation theory in h6^‘' - a discrete spectrum for gauge held 
conhgurations such as in eq. (3.15). See ref. [44] for further details. 

Let us denote by a“ the quantum huctuations around the £rst-order-in- 9 -deformed instan¬ 
ton in the singular gauge, : a“ = -|- a“ . Then, in the first-order-in- 6^-deformed 

instanton transition, the vacuum to vacuum amplitude for the noncommntative gauge theory 
with action S = Sncym + Sp is given, at one-loop level, by the following path integral in the 


(Pxtjjf [/C[a^] -|- irrif] ipf. 


(4.1) 
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background-field gauge: 


{vac, n = l|uac, n 


_ Stt'^ _ _ 

= 0) = e f d'j J{'y) f (ia“ f dc°'dc'^ f H/ dipjdtljf 

tesing)j al+Jd'h: c>’+Y,’JLi f d*xtpf i/ij- 


= e-¥? (det' (MtAa'r%y'" det (-X^i;[«?"■■'’]) det ( - /C|or'"‘'| - vm,). 

(4.3) 

Let us spell out now what the new symbols in the previous identity stand for. |nac, n = 0) 
and |nac, n = 1 ) denote vacua corresponding, respectively, to gauge held conhgurations with 
winding number n = 0 and n = 1 , these vacua being connected by our £rst-order-in- 9 - 
deformed instanton. 7 denotes the collective coordinates of , namely: its size p , its 

center xq and its orientation -given by f/ , a rigid SU (3) transformation- in the Lie algebra 
of SU{3). 7 ( 7 ) is the collective coordinates Jacobian, which is compnted, in Appendix C, 
from the zero modes of the operator dehned below. The helds c“ and c“ are 

the ghost helds introduced in the gange-hxing procednre. The operators 
are dehned by the following identities: 




_ 6^ Sncym 
5a^,5a^, 




ac (gsing) -irry,cb\^ (gsing) 




A4;‘[a7'«>| = -(B-lo 


2u(gsing)-|\a^> 


(4.4) 


a6u(gsmg)i _ xab _ jafec^c(gsmg) SjsfCYM IS given in eq. (2.5). Let us hnally 


Here, 


note that det'indicates that the zero modes of -see Appendix C- 

are to be left ont when compnting the determinant. 


Now, as shown in Appendix C, has a zero mode, at least at hrst order in . 

Hence, 

det (—— irrif) = —irrif (—— mj), (4.5) 

A>0 

where A denotes a generic positive eigenvalue of . To obtain eq. (4.5), we have taken 

into account that the non-zero eigenvalues of come in pairs (A, —A). The spectrnm 

of is discrete, at least in the perturbative expansion in , dne to the fast fall-oh 

of at infinity. 


That the vacnnm to vacnnm amplitnde in eq. (4.3) vanishes, or nearly vanishes, when 
massless, or nearly massless, qnarks conple to the hrst-order-in- 6 ^-deformed instanton can be 
seen as a consequence of the U{1)a anomaly. Indeed, using the results in refs. [32, 44], one 
concludes that in the hrst-order-in- 6 -deformed instanton transition the chiral charge associated 


14 



to each massless flavour, / , changes compulsorily by two units: the first-order-in- 6 -deformed 
instanton turns a left handed quark into a right handed quark. This selection rnle wonld be 
broken by a non-zero {vac,n = l|uac, n = 0). Since the first-order-in-6^-deformed instanton 
tnrns a left-handed massless qnark into a right-handed quark with the same flavour, to obtain 
non-zero amplitudes one must insert enough pairs of quark-anti-quark fields between \vac, n = 
0) and {vac,n = 1|. Indeed, the quark propagator of the flavour / in the first-order-in-0- 
deformed instanton reads 




'ipo{x)ipo{yy 

imf 


E 


\ + imf 


(4.6) 


where stands for the zero-mode of worked ont in Appendix C and 

denotes generically the remaining eigenfunctions of this operator. Suppose now that the masses 
of the Uf qnark flavonrs are taken to zero. Then, in this chiral limit, the Green fnnction 

has a non-vanishing valne, for the pole at mj = 0 of the propagator 
in eq. (4.6) cancels the contribntion linear in appearing in the determinant in eq. (4.5). 


As in the ordinary case [41], the conpling between left-handed and right-handed massless 
quarks through the first-order-in- 9 -deformed instanton can be mimicked by using an effective 
Lagrangian. This coupling does not occnr at any order in the perturbative expansion in powers 
of the conpling constant and the effective Lagrangian, £e// = X]n=o -^ 2 n, that simulates it is 
a sum of non-local interactions -called’t Hooft vertices-, each involving 2n fermions. In these 
non-local interactions quarks are emitted or absorbed in the zero-mode wave function 'ipo{x). 
The contribution L 2 n matches, as m/ —0 -/ = l,...,n/-, the leading contribntion to the 
ampntated Green fnnction obtained from (n/'=i • The amputation 

is to be carried out with the Dirac free propagator, and {'•pf^x)} stands for any set of n 
-with n < Uf - fermion fields. Now, it is further assumed that the previous Green fnnction 
is normalized to the vacnum to vacnnm amplitude in the perturbation theory background 
ttfj, = 0. Below we shall work ont this effective Lagrangian for one, two and three nearly 
massless flavonrs -i.e., Uf = 1,2 and 3- to obtain the first order in 6 corrections to the 
ordinary results obtained in refs. [46, 47, 2]. 


4.1 One light flavour 

In this case we need to compute the leading contribntion as, say, mi = m —0, to {vac, n = 
l\vac,n = 0)/{vac,n = 0\vac,n = 0) and {vac,n = 0\vac,n = 0). il){x) 

denotes the held of the light qnark. It turns ont that the contribution to {vac,n = l|uac, n = 
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0)/(vac,n = 0|wac,n = 0) which is linear in 6^^^ vanishes since it must be proportional to 
, 9^iv being the space-time metric. Hence, 


{vac,n = l|nac, n = 
{vac, n = 0|nac, n = 0) 


dp d^xo 


d 


{nf=l) 

0 


(P) W, 


where d^^^ (p) is the ordinary “reduced” instanton density [48]: 


df^\p) = 


Stt^ 

P^(P) 


- f 

3 Vo^fp)/ 


Cnf is a constant which depends on the number of light flavours and the regularization scheme. 

Unlike {vac,n = l|nac,n = 0)/{vac,n = 0|nac,n = 0), n = 

0|nac, n = 0) receives contributions which are linear in 6^’^. Indeed, mp 1 leads to 


(p(x)yt(^))(gde/»nsf) 

(vac,n=0\vac,n=0) 


J dpcPxodU ^p Po{x-xo)pl{y-xo) 


r dpd^xpdU ^U/=b 

J —ip'^ *^0 


(P) 


^1 


( 0 ), 


X- 


Xo)i^o^\y-Xo)+ {x-Xo)^/J{,"‘'’\y-Xo) 
x-xo)ipo^\y-xo)+hi{j^°\x-xo)ipo’’^\y-xo) 

+ h^/j^^^\x-xo)^/Jo^\y-xo) + 0{h‘^6^) , 


',( 0 ), 


',(!«) t/ 




where {x) is the zero mode of the ordinary Dirac operator in the ordinary instanton field, 
and {x) and {x) are the corrections of order to {x) that make, at first 

order in , ipo{x) = ipj^\x)+hiljj^^\x) + hipQ^^\x) the zero mode of the operator . 

See Appendix C, for definitions and further details. Since SU{3) is compact, and following 
ref. [47], the averaging over SU{3) first-order-in-P-deformed instanton orientations is carried 
out by using the first two SU{3) integrals in eq. (E.2) of Appendix E. 


Let r“, a = 1,2 and 3 denote the upper-left-hand corner embedding of the SU{2) gen¬ 
erators in the generators of SU{3) in the fundamental representation. We define = 
(r, =F^), Tfj,iy = ~'Tp'Tu) ■ Then, taking into account the definitions in eqs. (C.12), 

(C.13) and (C.14) of Appendix C, and using the conventions in eq. (E.l) in Appendix E, one 
obtains the following expressions, 

^SL(^)^oV(d) = 

= |0(a^)(rpa(p)(p - Xo)^(y - Xo)a + A^^(p))[(:/ - i- iQ)PR]iAUT-T+T„aU^]mn, 

'^oLi.x)'llJofn\y) = I 0(a^)xL(p)(P - xAa[{,i “ 4 plvlaPR]ij[UT- tAU^Uu, 
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from which one concludes that the effective Lagrangian is given by the following 

equations: 

f dir = f dir £o(a^) + /dir il 2 (a^), 

J mp, 2.2 {x) = f ^ f ^ e-^P^ 3^2(p), 

3^2(p) W + hyi^\p), (4.7) 

3^2°^ (p) = tp 2 ij(p) 2 L(p), 

y2\p) = Ip\Sr{p)Ql{p) - Qr{p)Sl{p) - Tlaa^RiphaaQLip) “ QR^PhacJ^auAP)]^ 
where 

Q(p) = 0 '(m)m^/’(p), Q(p) = 0 '(m)m^/’(p), 77„a(p) = (-<9p„r(,^(M) + 

77aa(p) = {-dpcX'p„{u) + h'^^{u))u%lj{p), S{p) = ^(p), S{p) = ^/’(p)# 7 a, 

with M . Derivatives with respect to u are denoted by the super-script '. In eq. (E.3) 

in Appendix E, the functions 0 (m) , Tp^{u), Kaaiu) and Xaaiu) are given in terms of modified 
Bessel functions. 3 ^ 2 *^^ (p) is the ordinary result -see refs. [1, 2]- and 3 ^ 2 ^^ (p) is the hrst order 
noncommutative correction. Note that neither 3 ^ 2 °^ {p) 3 ^ 2 ^^ {p) are invariant under chiral 

transformations. This shows that the classical chiral symmetry of the massless theory is broken 
in the quantum theory. 

One expects that the previous effective Lagrangian gives right Physics in the low energy 
regime: pp 1, hd^'^p~‘^ 1. Using the low-momentum approximations in Appendix E, 

one obtains the following low-energy expressions for the two-held contribution to : 

S^2{p)=i j ^d^o^~^\p) [l + hT]^7L(p). 

Here, T = - 9)p^XavP^Pa , with Xau = ^iba.lA ■ Notice that the ordinary contribu¬ 

tion to C 2 {p) just above acts like a mass term. This interpretation is spoiled by the hrst order 
corrections in . 

4.2 Two light flavours 

Now, in eq. (4.1), n/ = 2 and nifp -Cl, / = 1,2. The ehective Lagrangian, db/f~‘^\x), 
that yields the ruf ^ 0 leading contributions to 

{vac,n = l|nac, n = 0 ) (^/(a;)^}(p))(^'^-Ansq (n/=i ,2 

{vac, n = 0 |vac, n = 0 ) ’ {vac, n = 0 |vac, n = 0 ) {vac, n = 0 |nac, n = 0 ) ’ 
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reads 


fd^ = fd^ J^d^Q^ ^\p)Ylf=l,2hfP + y2{x,^pf)] 

+ I Ilj=i,2 T.j=i,2Pj - Ei=i,2 (1j)^a{PuP 2, qu q2)- 


(4.8) 


Here, y 2 {x,'ipf) is obtained from the corresponding expression in eq. (4.7) by performing 
the Fourier transform and then applying it to the fermion ipf with light mass m/, and 
y'i{Pi)P 2 ) qi) q 2 ) is given by the following identities: 

'24(pi,P2,gi,g2) = ' 2 f^(pi,P 2 ,gi,g 2 ) + hllf^(pi,p 2 ,gi,g 2 ), 

'2®(Pi,P2,gi,g2) = / ^d^o^~^\p)yf\pi,P2,qi,q2), 
y^^l\pi,P2]quq2) = f ^4’"^~^\p)yi^\pi,P2,qi,q2), 
yf\pi,P2,qi,q2) = 

^ li(2R(Pi)^“2L(?i))(2kp2)A“Qi(g2)) + {Q\{pi)i^u>^‘"Q\{qi)){Q\{P2)i^u>^''Ql{q2 


32 

7(1) 


>’4 (pi,P2,gi,g2) = 


^ |i(‘5kPi)A“Qi(gi) - QR(Pi)A“‘5i(gi))(Q^(p2)A“Qi(g2)) 

\acl' 2 




+ (SR{Pi)li^v>PQl{qi) - Q)j(Pi)7/.^A“5i(gi))(Q;j(p2)7Mi^A“Qi(g2) 

+fi {K2i(Pi)7'^“A“77i^^i(gi) + 77^„,H(pi)7aaA“Qi(gi))(QK(p2)A“Qi(g2)) 

+ (Qkpi)A“)^Ei(^i) +^«<T,ij(Pi)A“Qi(gi))(Q?j(p2)7<TaA“Qi(g2)) 
+*[(2kpi)7ai^A“77^^^i(gi) - ^L,ij(Pi)7ai.A“Qi(gi))(Q^(p2)7!.aA“Qi(g2)) - (« ^ a)] | 

+(i ^ 2 ). 

(4.9) 

Q^ip ), q\p) , nl„{p ), ni^ip ), ‘5'^(p) and 5'^(p) in the previous equation are dehned by 
the following equations: 


Q^ip) = (l>\u)m/jf{p), Q-^{p) = (j)\u)m/jj{p), TZLip) = i-dpaTp^{u) + A'^M)uiJfip), 
^L(P) = i-dpa^'pAu) + A'^^{u))u^f{p), S^{p) = 

'y( 


<S^{p) = 'll^f{p)^la 




where u = a/^ and the derivatives with respect to u are denoted by the super-script '. The 
functions 0 (m) , Tp^{u), Aaa{u) and Xaaiu) are given in terms of modihed Bessel functions 
in eq. (E.3) of Appendix E. 

To obtain in eq. (4.8), averages over SU{3) are to be carried out with the help 

of the hrst three equalities in eq. (E.2) of Appendix E. Notice that if we set h = 0 in eq. (4.8) 
the ordinary’t Hooft vertex for two light flavours [1, 2] is recovered. 


18 



As in the one-flavour case, we expect that in eq. (4.8) gives the correct Physics 

in the low momenta limit: Pip 1,5'iP -Cl, i = 1,2. In this limit, il 4 (pi,P 2 , <? 2 ) boils 
down to 

li4(pi,P2,gi,g2) ~ i(^)^{(^li?(Pl)A“^lL(gi))(^2R(P2)A“^2L(g2)) 

+ 3(^ 1 /?(piL (gi)) (^/>2 L(g 2 ))} 

- h f ^dir^=^\p) [I (^y {(^.niPimPi) - (^(gi)]A“^iL(gi))(?2«(P2)A“^2L(g2)) 

+ 3(^/’iij(pi)[0(pi)7M;^ - 7M;^C>(gi)]A“^/>iL(gi))(^/>2ij(P2)7Mi'A“^/>2L(g2))} 

+ (1 ^ 2 ) , 

where 

~ and 0(p) = (0 - Q)i,vlviPi,- (4.10) 

To obtain eq. (4.2), we have used the approximations in eq. (E.4) of Appendix E. Of course, if 
the contributions linear in are dropped one obtains the ordinary contributions in ref. [46]. 


4.3 Three light flavours 

We shall Anally give the effective Lagrangian, [x ], for the case of three light fermions: 

the fermionic action is the action in eq. (4.1) for Uf = 3. 

Let us first introduce some notation. y 4 ^{x,'ipf,'ipf') is defined by 


y4{x,^l)f,^l)p) = 


11 (27r)4 (27r)^ 


3-hELiPi-E?=i 9i)* 


[y4\pi,P2,qi,q2) + hyi^\pi,p2,qi,q2)], 


once ipi and '^2 are replaced with -i/jf and ipp ^ respectively, both in A’ 4 °^(pi,P 2 , 9i, Q' 2 ) and 
3^4^^(Pi) P 2 , qi, q 2 ) , which are given in eq. (4.9). 3 ^ 2 ( 2 ^, 13/) shall denote the same quantity that 
occurred in eq. (4.8). Then, is given by the expressions that follow 

/dir = /dir / J d[,”^=^/p) n/=i, 2,3 [^fP + 3 ^ 2 (a:, ^/)] 

-F/d1c / ^d[,”^“^/p)|[mip-h 3^2(a:,^i)]3^4(a:,^2,^3) + [a«2P + 3 ^ 2 ( 2 :, ^2)]3^4(a:, ^ 1 , ^ 3 ) 

+ 3^2(a:,^/’3)]3^4(a:,^/’i,^2)} 

+ / rijLi ^( EjLi Pj - Ej=i qj) ^6(pi,P2,P3,qi,q2,q3), 
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where 


'26(pi,P2,P3,gi,g2,g3) = ^t\pi,P2,p^,qi,q2,qz) + /i4^^(Pi>P2,P3,gi,g2,g3), 


'2®(pi,P 2,P3, gi, g2, 93 ) = / ^ 

^ {4.ch ^(2kpi)A“Qi(gi))(Q?^(P2)A^Qi(g2))(Qkp3)A‘=Qi(g3)) 

+ {\{.QR{.Pl)l^lv^'^Q\{.ql)){.QR{p 2 )l^lv^^Q\{.q 2 )){.QR{p>i)^''Q\{.q‘i)) + (3 ^ 1 ) + (3 ^ 2)j ] 

-|/afec(Qkpi)7a/3A“Qi(gi))(Q5j(p2)7/3<5A^Qi(g2))(QkP3)75aA'^Qi(g3))} , 


^&\pi,P 2 ,Pz,qi,q 2 ,qz) = J i ^\p) 


—Ip'^ 

~6r 


46c[- ^(5jj(pi)A“Qi(gi) - Qjj(pi)A“5i(gi))(QR(p2)A'’Qi(g2))(Qfi(P3)A'^Qi(g3)) 


+i ((‘5kPi)7/.i.A“Qi(gi)-Qjj(pi)7^^A“5i(gi))(Q5j(P2)7Mi^A^Qi(g2))(Qkp3)A‘^Qi(g3)) 
+(3^2) + (5jj(pi)A“Qi(gi)-Qjj(pi)A“5i(gi))(Q^(p2)7/.i.A^Q|(g2))(Qkp3)7M^A"Qi(g3)))] 
-|/a6c(5i(pi)7„;3A“Qi(gi)-Qjj(pi)7„;3A“5i(gi))(Q^(p2)7/3<5A^Qi(g2))(QkP3)75aA^Qi(g3)) 


i(QkPl)7aaA“7^l^,i(gl) +^L,ij(Pi)7aaA“Qi(gi))(QK(p2)A'’Qi(g2))(QR(P3)A'^Qi(g3)) 
-((2 r(pi)A“^L,l(^i) +^L,Rbi)A“Qi(gi))(QH(P2)A'’Qi(g2))(Q?j(P3)7aaA‘^Qi(g3)) 
+(2 ^ 3)) - (Qi(Pl)7aaA“7^l^,i(gl) +^L,ij(Pi)7aaA“Qi(gi))(Q^(p2)7/.i.A^Q|(g2))- 
■(2kp3)7M^A‘=Qi(g3)) + i{{QR{PihauyT^L,L{qi) - ^L,ij(Pi)7^^A“Qi(gi))- 
■(Qi(P2)7;^aA^Qi(g2))(Q?j(P3)A'^Qi(g3)) + (2 ^ 3) - (a ^ a))] + Ifabci 
((2kpl)A“7^^a,L(gl) +^L,ij(Pi)A“Qi(gi))(Q?j(P2)7a^A'’Qi(g2))(Qkp3)7!.aA^Qi(g3)) 
-{a ^ a)) - 2i((Q^J(pl)7^^A“7^^^^i(gl) - 7^^^,R(pl)7Ml^A“Qi(gl))(Q^(p2)7Ml^A^Qi(g2)) 

(Qij(P3)7CToA'^Q|(g3)) — (2 ^ 3))] } + (1 ^ 2) + (1 ^ 3) . 


To obtain the average over the SU{3) orientations leading to the previous equation, we have 
employed the last integral in eq. (E.2) of Appendix E; some values of the structure constants of 
SU (3) were substituted. The low momenta -i.e., pip 1, qip 1, i = 1, 2, 3- approximation 
to CQ{pi,p 2 ,P 3 ,qi,q 2 ,q 3 ) can be worked out with the help of eq. (E.4) in Appendix E. We 
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display the value of >C 6 (pi,P 2 ,P 3 , Qi, < 12 , Qs) in this low momenta limit in the following equation: 

^6{Pi,P2,P3,qi,q2,q3) ~ I ^ 

dabc[ - ^(^lij(Pl)A“^/’lL(gi))(^2ij(P2)AV2L(g2))(^3ij(P3)A'^^/’3L(g3)) 

+ l{{i’lRiPlh^lu>^‘'i’lL{ql)){i’2RiP2h^^u^^'^p2L{q2)){i’3R{P3)>^''i’3L{q3)) + (1 ^ 3) + (2 ^ 3))] 
- lfabcii^lR{pihap^yiL{qi)){i^2R{P2hpsX^'ip2L{q2)){i^3RiP3h5aX^i^3L{q3)) 

+ h{dabc[ - ^{i^lR{Pl)[0{pi) - 0(gi)]A“^/>iL(gi))(^/’2ij(P2)AV2L(g2))(^3i?(P3)A‘'^/’3L(g3)) 

+ i ( (^ 1 i? (pi) [C* (Pl) 7/.!^ - 7^1^ c> (gi) ] A“^/’l L ( gi) ) (^2 R (P2 ) A V 2 L ( g2 ) ) (^3 iJ (P3 ) A'^^/’S L (g3 ) ) 

+ (2^3) 

+ (^1_r(Pi)[^(Pi) -C»(gi)]A“^/>ii(gi))(^2i?(P2)^i.AV2L(g2))(^3i?(P3)T^i.A^^/>3L(g3)))] - I 

/a6c(^lij(pi)[0(pi)7a/3 -7a/3C>(gi)]A“^/’lL(gi))(^/’2i?(P2)7/35AV2L(g2))(^3ij(P3)7<5QA^^/>3L(g3)) 

+ (1 > 2) + (1 > 3)j- . 

0{p) and 0{p) are dehned in eq. (4.10). 

5 Summary and outlook 

In the main body of this paper, we have obtained the following results for noncommutative 
SU{3) gauge theories with one, two and three light Dirac fermionic flavours, when (Euclidean) 
time is commutative: 

i. There are no solutions at any order in the formal power expansion in h6^'^ to the non¬ 
commutative (anti-)self-duality equations. This result holds for SU (iV) as well. 

ii. At hrst order in h6^'^, ordinary instantons can be given a -dependent piece so that 
the resulting field conhguration satisfies the noncommutative Yang-Mills equations. This 
held conhguration -that we have called hrst-order-in- 6 -deformed instanton- has instanton 
number equal to one, and interpolates, along Euclidean time, between vacua that diher in 
one unit of the winding number. We have also computed the most general hrst-order-in- 
6*-deformed instanton. 

iii. We have shown that in the hrst-order-in-0-deformed instanton transition a coupling be¬ 
tween light left handed and right handed fermions is produced, thus showing that the 
classical U{1)a symmetry of the massless theory is broken at the quantum level. We 
have computed the’t Hooft vertices that describe this coupling and seen that they receive 
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contributions that are linear in h6 ^'^, these contributions being nonlocal even in the low 
momenta limit. 

In the Appendices -see Appendices A, B, and C, respectively-, we have further obtained 
the following results: 

i. That the self-duality equations for noncommutative SU{N) Yang-Mills theory have solu¬ 
tions that are formal power series in hd^‘' if, and only if, is self-dual. These solutions 
are the ordinary instantons and multi-instantons. Analogously, the noncommutative anti- 
self-duality equations for SU{N) have solutions that are formal power series in hO^'^ if, 
and only if, 9^^ is anti-self-dual. The solutions in question are the ordinary anti-instantons 
and anti-multi-instantons. 

ii. That all the noncommutative classical vacua of the noncommutative SU{N) Yang-Mills 
theory that are formal power series in h6^'^ are given by the Seiberg-Witten transform of 
some ordinary vacua ig{x)dig{xy , where g{x) is an ordinary gauge transformation. And 

iii. that the corrections to the zero mode of the 0-deformed Dirac operator can be worked 
out explicitly -this we have done- at hrst order in h6^‘' for an arbitrary first-order-in- 6 - 
deformed instanton. 

The analysis and computations carried out in this paper should be extended at least in 
two directions. On the one hand, it would be very interesting to see whether, for commutative 
time, there are topologically nontrivial solutions to the noncommutative Euclidean classical 
equations of motion that are not formal power series in h6'^‘'. This is a highly nontrivial 
issue since the action of the theory has been dehned so far as a formal power series in h6^'^. 
Some kind of re-summation of the power series expansion would thus be needed, or perhaps 
one should dehne the Seiberg-Witten by expanding it in terms of a different object [21]. On 
the other hand, it will be interesting to work out the second order in corrections to 

the instanton density and ’t Hooft vertices that we have obtained. This is quite an involved 
computation since it will demand the use of the constrained instanton method [51, 52] or the 
valley method [53, 54, 55] to carry it out. Indeed, as we show in Appendix D, there are no 
topologically nontrivial held conhgurations that are formal power series in and leave the 
noncommutative SU{N) Yang-Mills action stationary at second order in . Actually, at 
second order in hd^'^, the size, p, of the £rst-order-in-0-deformed instanton does not yield 


22 



a zero mode of the quantum bosonic kinetic term in a background that differs from our first- 
order-in- 6 -deformed instanton by a term quadratic in h6^'^. Indeed, as can be shown by 
snbstitnting the r.h.s. of eq. (3.14) in the r.h.s. of eq. (2.10), the noncommntative action 
acquires a dependence on p of the type : 

Sncym = ^ + - ~en" + 0{h^e^). 

Notice that if we add to our £rst-order-in- 0-deformed instanton in eq. (3.14) an arbitrary piece 
that is quadratic in , the previous value of Sncym gets no correction at second order in 
. Now, p gives rise to a qnasi-zero mode in the sense of ref. [53], so that the techniqne 
developed in the latter reference can be used to compute higher order corrections in . 
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Appendix A 


In this Appendix we shall consider an arbitrary 6^'^ and seek for topologically non-trivial 
solutions, , to the noncommutative (anti-)self-duality equation -eq. (2.9)- that are given by 
the formal power series in in eq. (2.11). Throughout this Appendix the noncommutative 
gauge held and held strength will be dehned in terms of the ordinary helds by means of the 
standard Seiberg-Witten map -see eqs. (2.1) and (2.3). We shall show that for non-vanishing 
instanton number the solutions we seek for exist if, and only if, is (anti-)self-dual and, 
further, that these solutions are the ordinary (anti-)instantons and (anti-)multi-instantons. In 
this Appendix shall denote the dual of a given tensor = \e^upaVpa . 

The expansion of a^[h] in eq. (2.11) leads to the following expansion of its held strength: 

OO 

Mh] = ffj + Y. '"‘A’. (A'l) 

i=i 


where fpu is a homogeneous polynomial in 6^^’' of degree 1. Substituting in eq. (2.3), both 
the previous result and eq. (2.11), one obtains the following expansion of F^^[a„[h}\\ in powers 
of : 

OO OO 

E (A.2) 

1=1 1 = 1 ,k =0 


where 


is given by 


p{l,k) 

^ flU 




h=t=Q 


(A.3) 


a^[t] is obtained from ao-[h] in eq. (2.11) by replacing h with t. Ffj_^[a„] is equal to -^F^^[aa] 
as dehned in eq. (2.4). 


We shall show below that F^i,[aa[h]] as dehned above -see the previous equations- is self¬ 
dual with non-vanishing Pontrjagin number if, and only if, both and fpu[h] in eq. (A.l) 
are self-dual. We shall carry out this proof by induction. At order and h , the self-duality 
equation for F^^[aa[h]] in eq. (A.2) is equivalent to 


and 



(A.4) 



(A.5) 
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respectively. Since we shall look for solutions with a non-zero Pontrjagin number, we must 
demand that does not vanish -see eq. (2.8)- and recall that fji]) does not depend on h. 
Now, working out the trace over the SU{N) generators on both sides of eq. (A.5) and using 
eq. (A.4), one obtains the following equation: 

E + (iT f] (« - = 0. (A.6) 


where “ a ” is the colour index of the held strength. Now, for a non-zero f^J , this equation 
holds if, and only if, is self-dual. For a self-dual and a self-dual fjS) , eq. (A.5) boils 
down to 



(A.7) 


To show that if 9^^, is self-dual, the self-duality equation for F^^[afj[h]] in eq. (A.2) is 
equivalent to the self-duality equation for in eq. (A.l), we shall prove hrst -by induction- 
the following statement: if 0^,^, are self-dual, then, so are 

for all m > 1. 

From eqs. (A.3) and (2.4), one obtains that 

hi’"’ = E (5/S’} - j[(S a + 

For I < k — 1, the previous expression involves f^\ m < /c — 1, which are self-dual by 
hypothesis; this clearly makes the second term in the previous expression self-dual in /i, z/. 
The hrst term is also self-dual in p, z/ as a consequence of the self-duality of , the self- 
duality of f^\ m < k — 1, and the property 

(-^ *^) T ^fiS^uX^a-y (-^ b) T ^fiX^t/^^aS (b (A.8) 

This proves the previous statement for m = 1. We shall assume in the sequel that the 

statement holds for m < n — 1. Now, eqs. (A.3) and (2.4) lead to 

rpinj) _ 

fiiy — 

f’.A[a,|il]}. - (d, + A)f;..K|«l]}.) • 

(A.9) 

Taking into account the degrees of the derivatives in the previous expression, one readily 

realizes that the ’s that occur on the r.h.s. of this equation have i < n — 1,1 < j . These 

’s are, by hypothesis, self-dual if J<k — 1. One thus concludes that the second term on 
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the r.h.s of eq. (A.9) is self-dual in /x, z/ . Eq. (A. 8) and the fact that and , i < n, 
I < k are self-dual imply that the hrst term on the r.h.s. of eq. (A.9) is also self-dual. This 
concludes the proof of the statement made at the beginning of the paragraph starting right 
below eq. (A. 7). 

We are now ready to go on with the proof that the only topologically non-trivial solutions to 
eq. (2.9) that are formal power series in h6^'^ are the ordinary instantons and multi-instantons. 
Using eq. (A.2), one readily concludes that the contribution of order to the self-duality 
equation for F^u[(ia[h]] reads 

k k 

4? + E = 4? + E (a.io) 

m=l m=l 

Let us assume that are self-dual; then, the statement made below eq. (A.7) 

leads to the following result: < m < k are self-dual. This result and eq. (A.IO) 

imply that whatever the value of k > 1 

r(k) _ 7{k) 

J flU J flU * 

We have thus shown -recall eqs. (A.4) and (A.7)- that Ffj,u[aa[h]] in eq. (A. 2 ) is self-dual if, 
and only if, both 6^,y and , V/c , are self-dual. Hence, the noncommutative self-duality 
equation boils down to the ordinary self-duality equation, when one looks for solutions that 
are formal power series in hd^'^ and have a non-vanishing Pontrjagin number. 

One may readily adapt the procedure carried out above to analyze the existence of solutions 
to the noncommutative anti-self-duality equation that are power series in . The noncom¬ 
mutative anti-self-duality equation reads F^y[a„[h}\\ = —F^^[a„[h ]], with F^y[a„[h]] dehned as 
in eq. (A.l). It turns out that in the case at hand eq. (A. 6 ) is replaced with 

E i [(4U)^ + uTf + (4?“)^] (»+= 0. 

a 

Hence, only when is anti-self-dual does the previous equation hold for 7 ^ 0. By 
replacing self-dual objects with anti-self-dual tensors in the analysis above, one hnally reaches, 
with regard to the noncommutative anti-self-duality equation , the conclusion stated at the 
beginning of this Appendix. 


27 



7 Appendix B 


In this Appendix we shall show that, in the temporal gauge in Minkowski space-time - 
ao(t,x) =0 - and for commutative time = 0-, any gauge held ai[h](t,x) that is a formal 
power series in h6^'^ dehnes a classical vacuum of the noncommutative SU{N) Yang-Mills 
theory if, and only if, there exists g{x)e SU{N) such that ai[h](t,x) = ig{x)dig{xy . 

Let us work out hrst the Hamiltonian of the theory dehned by the action in eq. (2.5) rotated 
to Minkowski space-time and the standard Seiberg-Witten map in eq. (2.1). It can be shown 
that if 0°* = 0 and ao(t, x) = 0 , no time derivatives occur in Aj and Aq is linear in d^ai = a*: 

Ai cli Aq Lq[(X 2 , didj^ di^di. 


The held strength of this noncommutative gauge held reads 


Fij fij T .Rij ) Rij 

Foi = di + S^j[ak, dkdi, (9fc]a^, 


Z^;>o ^ij ’ 

CC _ 1,1 0 ^( 1 ) 

‘^ij ~ 2^l>0 ■ 


(B.l) 


Substituting this expression in eq. (2.5) rotated to Minkowski space-time, one obtains the 
Lagrangian C[t,y\ of the theory in the temporal gauge. This Lagrangian is quadratic in Oj, 
so that the conjugate momenta of the held variable Oj are dehned as usual: 


= -^Jd^C[t,y\ = -^TT{F^\t, x)T^ + Jd^ Sij^[a{y), d^a, dy]6^{x - y)F^^ 
/d1r7r“(f,T)a“(f,T) = -^Tr Jd^ FqjF^^ {t,y). 

We then dehne the hamiltonian, Ti , of the theory as follows 

H = f dir7r“(f,T)a“(t,T) — fd‘^xC{t,x) = \ f dlrTr^FojFoj -|- (B.2) 

Notice that Ti. is gauge invariant -recall that = 0 - and that it is equal to J d^a;TrT°°(t, x ), 
where T^^{t,x) is the 00 component of the gauge covariant energy-momentum tensor-see [45] 
for further discussion-: ~ ^F^“ -k F’^^ + F’-'^ -k F^^ — F^^ ■ 

The classical vacua of the theory are dehned by those ajf, x\ that minimize the hamiltonian 
given in eq. (B.2). Since the helds F^y are self-adjoint. Id is positive-dehnite. Hence, the 
vacuum conhgurations are those which verify 


Foi(t,T) = 0 , 


Fij{t,x) = 0 . 



Let us assume that ai and are given by the expansions in non-negative powers of 
in eqs. (2.11) and (A.l). Then, eq. (B.l) leads to the following expansions: 


Foi - af'^ + + Z]«>o Ss>o Yjt>o 


.Za(0 


= a, 


(0) 


+ E.>o^H^ + n=iE;:o^: 


c (s,t) • c (l—s—t) 




a 


Hence, Fqi = 0 is eqnivalent to the following set of equalities: 


c{l,s).c{t) 

ij “i 


a® = 0, 

a(0 


+ 2^s=i 2^t=o 


l—s Qc{s,t) • c {l—s — t) _ 




a 


= 0, / > 1. 


It is easy to show by induction that the solution to the previous collection of equations reads 

df'^ = 0 ^ af'^ = af\x), / > 0. 


This leads to the conclusion that, in the temporal gange, the classical vacua of our noncom- 
mutative theory are given by time independent gange helds, say, ai[h]{x ), at least if they can 
be formally expanded as in eq. (2.11). 


Now, for a held conhguration of the form of eq. (2.11) with held strength as in eq. (A.l), 


Fij in eq. (B.l) takes the form: 


jp.. _ AO) , y- 
~ -lij ^ Z^i>o 

jpdM) _ 1 jpd) 

^ij ~ k\ dh'^ 


hi^kFp = f(F^ hi pd 


+ Ei>0,A:>0 

af + Faf\=o, Ttf [a,] = [ 


{k,l-k) 


aP + 


h=0,t^h 


where ^ 

ah 

eqnations 


is given in eq. (2.4). We thus conclude that Fij = 0 is equivalent to the set of 


fS) = 0 , 

/« + ELi dF"' = 0. ' £ 1- 


(B.3) 


Now, it can be shown by induction that = 0 implies F^[)[ap] =0, V/. Using this 
result, one can prove that 

= 0, if flf =0, 0 < n < A;. 

Fnrnished with this result, one readily shows that the solution, ai{x ), to eq. (B.3) must satisfy 

/« = 0 V/>0 =0, 

i.e., ai{x) is a pure gauge: ai{x) = ig{x)dig^{x). 
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8 Appendix C 


In this Appendix, we shall work out the zero modes -that we shall call bosonic zero modes- 
of the operator in eq. (4.4) and the zero mode -referred to as the fermionic zero 

mode- of the operator dehned in eq. (4.2). 


8.1 Bosonic zero modes 


As in the ordinary case -see ref. [49]-, the zero modes, 6''a^{x ), of the operator 
in eq. (4.4) are given by 

O (gsing)/ ^ 

{ 7 i} denote the collective coordinates of and hi* defines a gauge transformation that 

makes satisfy the background field gauge condition = 0. 


There are, of course, twelve zero modes -as many as the number of dimensions of the moduli 
space of our £rst-order-in-6^-deformed instanton. Let U denote the rigid SU{3) transforma¬ 
tion that relates and -see eq. (3.15)- and let denote the upper-left-hand 

corner embedding in SU{3) of the ordinary BPST instanton in the singular gauge. Then, the 
zero modes we look for read 




5^a,, = 


da, 


M 

(gsing) 


+ U(S[6 


’)W, 


dp 


= [/(D[af®"]4^T“]])l7t, a e {1,2,3}, 


ih (4p^r^+3r^) 




a G (4, 5, 6, 7}, a,c,dE (1, 2, 3}. 


We have used the following notation r = a/( a; — Xq^ . T“, a = 1,2,3 are given by the 
embedding of the generators of SU{2) into the upper-left-hand corner of the generators of 
SU (3) in the fundamental representation. The generators and T® , and T® and , form 
doublets under the action of the SU{2) subgroup generated by T“ , a = 1, 2, 3 . The remaining 
generator T® is a singlet under the action of this SU{2) subgroup. The limit h6'^‘' —0 of 
the zero modes above yields the ordinary zero modes computed in ref. [49]. 
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The Jacobian, J( 7 ), of the collective coordinates is given by the following expression 


j{i )=n 

i 



v/det0(7fc), 


where the metric, 0 ( 7 *;), of the moduli space is given by: 


0*^(7fc) 



j(fx 5^ay{x,'ykWay{x,'yk)- 


Of course, there are no contributions to 0 ( 7 ^) nor J( 7 ) that are linear in hO^'^: they are 
proportional to being the space-time metric. Hence, 




^12 


[i2Sp^-2bh\e^,-~e^,f = 


^12 


2n2\ 


+ o{h^e 


8.2 Fermionic zero mode 


It was shown in ref. [44] that, as a consequence of there being an U{1)a anomaly, the index 
of the operator IC[a^] is one if a^j, has Pontrjagin number equal to one. Hence, at least 
in perturbation theory of , /C[a^] has a unique zero mode -which turns out to be right 

handed- with unit norm. In this Appendix we shall explicitly construct such zero mode at hrst 
order in h9^'^ when . The unit norm zero mode of dehned in eq. (4.2) 

can be obtained from the unit norm zero mode of /C[a[r™^^] by applying an appropriate rigid 
SU{3) transformation. Let us then solve = 0 at hrst order in . To do so, 

we shall expand ipQ in positive powers of h6'^‘' with coefficients that are square integrable 
functions. Up to hrst order in , we have 


to = tf + aA’ + o{ite‘‘), 


where V'7 is linear in fi'*" , and and V'7 satisfy the following equations: 

= 0, 


denotes the held strength of , both being in the singular gauge. Recall that 

=a®®®^ + h6^, with 


BPST 


{x) 


Vauu - Xo)up^ 


{x — XqY[{x — Xo^ + 


T 






~d) 


fj,a 


.X 


Xo)c 


{x - xq)"^ -h 

{{x-xoy + p'^y 
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The first equality in eq. (C.l) is the ordinary zero mode equation. Its solution is well 
known [41]; using the conventions in eq. (E.l) in Appendix E, it is given by the following 
spinor with positive chirality: 


A® = 

'r O.im 


P 


Olm ^^(^2 + p2)3/2 _ 


1 + 75 


{4 


cjm- 


(C.2) 


j ij 


Note that i,j stand for spinor indices and m,n for colour indices. 


Now, using the properties of the Gell-Mann matrices, one may show that the second equality 
in eq. (C.l) implies that the third colour component of must vanish, if it vanishes at 
inhnity. Hence, the second equality in eq. (C.l) can be reduced to an equation with colour 
indices belonging to SU{2) -in the fundamental representation- upon replacing T® in 6^ 
with E . This we shall do. 

The term on the far r.h.s of eq. (C.l) can be expressed as follows | ■ 

Let be dehned by the following equations: 

= -\ OapfafS^O^- (C.3) 

In terms of , eq. (C.l) reads 

= i 7,6,4“’ + 5«o^7,C“’'-Dl«nW'r ^ (C.4) 


To solve the previous equation we shall adapt to our case the technique developed in 
ref. [50]. Let us decompose hrst , 91 and into their positive, R, and negative, L, 
chirality parts: 



A® 


91 = 


91l 

0 


, 4 


( 16 ) 

0 




Then, when expressed in terms of the bi-spinors cind 91'^^, dehned by the equations 


(91i)*m = 

eq. (C.4) yields 

{d^ - = 0, 


(C.5) 


(C.6) 


32 



where is defined in Appendix E. 

It is well known [42] that there is no non-vanishing square integrable 'ip 'that solves the 
first equation in eq. (C.6). To find '’P' R that verifies the second equality in eq. (C.6), let us 
first express tp'^ , 91);^ and a®'^®'^in terms of -see Appendix E-, = {~a,i) and a^i ,, 

respectively: 


^4 4 “ {^(T^u)mi / k^y 2^bfiiykbi 

^BPST ^ ; Cfy = dy\og\, ] A = 1 A 


(C.7) 


By substituting the previous expressions in eq. (C.6) and then using the equalities in 
eq. (E.l), one obtains the following identity: 

(pldyM^ - (fyMf, - k^y) A A ^‘fyMy - k^ = 0. (C.8) 

Taking traces leads to the conclusion that each summand in the previous equation must vanish 
independently. The following definitions 


A dyXy^, Xy^ anti self-dual, 

allow us to show that eq. (C.8) is equivalent to the following pair of equalities: 

I I 

^1/2 ? 

_ ^4 dyXdyXyy) 

^(P - A5/2 A ’ 


(C.9) 


(C.IO) 


where 

/C4 = 0, 

kpa "bTlpa 2 ^pcrafS^^ap: 

mp^ = - 2^^p2^p2)9/2 [A3(6'p„r2 - ^AxpAxpO^p A AAxpXxJpp) A | XOp^r'^ir^ A SA^)] , 
AXa = (X - Xo)a- 


The general solution to eq. (C.IO) is the sum of a particular solution and the general 
solution of the corresponding homogeneous set of equations. A solution to the first equality in 
question is 


Xpy {x^part 



1 kpu{y) 
{x-yf 
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Recall that is a Green function of the Laplace operator in four dimensions. By 

substituting A ;4 = 0 and the previous value of X^^[x) in the r.h.s. of the second equation in 
eq. (C.IO), one shows that this r.h.s. vanishes. Hence, (f>part{x) = 0 and Xp,y[x)part above 
constitute a particular solution to eq. (C.IO). 


Adding to this particular solution an appropriate solution to the corresponding homo¬ 
geneous set of equations is equivalent to adding c{d) {x) to the -call it t/’opart “ 

constructed from (ppart^x) = 0 and X^^{x)part right above by using eqs. (C.9), (C.7), (C.5) 
and (C.4). c{6) is an arbitrary coefficient linear in 6'^''. Normalization to 1 of ipo renders 
c(9) equal to zero, for has unit norm and + '4’^part is orthogonal to 

- f/’opart) is proportional to 6^^ being the space-time metric-. We thus conclude 

that in eq. (C.3) is equal to t/’opart > so that we finally have 


^(1) _ _ 
ro,im ~ rO,im ^ rO,jm ~ 


TV pr (r^+p^) 


W [(^) “ 0 )p„{Ar^ + 14 rV) - + e)p„ 




(C.ll) 


+2p^ 9a^{x 


„ \ XcyXi/ i A f . 'f 

•^OJa I ^2 4 ^aipj ^jn ' ■yu^mn 


} 


Tpy are the analogs of in SU(2) colour space. 

Finally, by acting with the appropriate SU{3) transformation, U, on p® and in 
eqs. (C.2) and (C.ll), one obtains the unit norm zero mode of . This zero mode 

reads 

= + + (C.12) 

where, writing these right handed spinors in two-component notation, we have 


im 0(^) (^ ^o')pi^O^ii'jij^jnUmn: 

'4^ im ^ [rQ'y(3^) ( 3 ^ 3^o)a(^ 3 ^ 0 ) 1 ^ T A^^(x)] (x 

4^ im h\(^fj{x) {x Xq)^( yQ.(j)ij€jyjYan- 


The functions (p{x ), rQ,.y(3;), Aa^{x) and Xacrix) are dehned thus: 


0 ( 3 ;) = 

Xaaix) 


7r^(^2_|-p2)3/2 ? 


yn P _ ‘^^OL'yP^ 

^OL'^yX) — ^^3p2_,_p2)7/2 ) 


Aq,^ ( 3 :) 




127rpr(r2+p2)7/2 


27rr(r2+p2)7/2 ) 


{6 — 6*)Q,o-(4r"‘ -I- 14r^p^) — Qp^{9 + 9) 


(C.13) 


(C.14) 


Recall that r = \/{x — xq^ . 


34 



9 Appendix D 


In this Appendix we shall show that, if 6^"^* = 0, i = 1, 2, 3, no topologically nontrivial held 
conhgurations can be found that a) are formal power series in h6^'^ and b) at second order 
in h6'^‘' solve the equations of motion of noncommutative SU (3) Yang-Mills theory. To show 
it, we shall use the technique devised in ref. [56]. Thus, we shall consider the behaviour of the 
action in eq. (2.5) under the following inhnitesimal changes of scale: 

a^ = \a^{\x), A = 1-|-(5A, (D.l) 

where satishes the equations of motion. The action can be written as: 

OO OO p 

Sncym = Y, = d], (D.2) 

n=0 n=0 

where is the term of the lagrangian of order h" , which, due to the fact that contains 
n powers of 9^^ , is a polynomial of mass degree 4 -|- 2n in and <9^ . Hence, 

j d1r£(^)[Aa(Aa;),a^] = jdSj C^^\\a{y),\dy] = jd\ C[a{y), 8% 

Thus, under the change in eq. (D.l), in eq. (D.2) changes as follows 


Since we are assuming that the original held conhguration in eq. (D.l) is a solution to the 
equations of motion, the following equivalent equations hold 


S[a] = ^[Aa(Aa;)] + 0((5A2) (5A ^ 2n [a] = 0{5\^) VA ^ 2n [a] = 0. 

n=l n=l 

(D.3) 

Now, let our solution to the equations of motion, , be given by the following power series: 

• By substituting this power series in eq. (D.2), one obtains S'‘^”^[a] = 

W’ = ■:^-§^S^'^'>[af^\\h=o ■ Combining this result with the equality on the 

far right of eq. (D.3), one ends up with 

CXD fc—1 k—1 

'"‘(Y 

k=l m=0 m=0 



{k - ^ 0 = ^(A;-m)A(^-™’’")=0,VA;>l. 


35 



For the action Sncym to be stationary up to order h ’', the previous identities have to be 
verihed for k < I. In our case, we want the action to be stationary at order , so that we 
should check if the following equalities hold 

= 0, 25(2’°) + 5(i’i) = 0. (D.4) 

From eq. (2.5) and eq. (2.8), one concludes that Sncym for a held conhguration with a well 
dehned topological charge n reads 

Sncym = ^ Tr Jd^ + i(F^, - = ^ + ^Tr /dh; {F,, - (D.5) 

F^y is given by the Seiberg-Witten map as a power series: F^i/[ap] = . 

When evaluating these terms for the solution got again F^”) [a^] = 

._Qh^Fliu’''\ap], F^0’”')[ap] = ^ and + E^i • Hence, 

5(1,0) ^ ^(1,1) ^(2,0) 

in eqs. (D.2) and (D.4) are given by 

5(1,0) ^ ^Tr/dh;(/(°) - /W)(F^i’°^ - f£’°)), 

5(1,1) ^ ^Tr/dh; [(/« - - F^E^) + (/i°^ - ffJ){Fl,y^ - F^E^)], 

5(2’0) = ^Tr /dh; (/(°) - ) (F^E^ - f£’°)) + ^Tr /dir (F^E^ - F^E^)^. 

In section 2, we saw that the most general solution to the equations of motion at order h 
is given by 

a, = (7(a»™" + hblTO + (D.6) 

a=l 

where 6® is given in eq. (3.14), is any linear combination-with coefficients linear 

in h6^'^ - of the ordinary bosonic zero modes [49] -i.e., the solutions to eq. (3.11)- and U is 
a rigid SU{3) transformation. For a held conhguration of this type, we have 5(i’°) = 0, for 
. The hrst condition in eq. (D.4) is thus automatically satished. Notice that 
eq. (D.5) tells us that any contribution of order h‘^9‘^ to the classical solution in eq. (D.6) 
yields a contribution of order to the action Sncym ■ We will show next that the second 
condition in eq. (D.4) is violated by the solution in eq. (D.6), so that it is impossible to hnd 
a held conhguration with non-zero topological charge that makes the action stationary up to 
order . First, F(^’^) and F(2’°) do not contribute neither to 5(^’^) nor 5(2’°). Now, 
taking a closer look at the structure constants of SU (3), one sees that the contribution to 
5(^’^) of h EI=i is zero: 

= ^TV jdY >y> - = U(d,bl - d,bl)U'. 
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By evaluating and for the field configuration in eq. (D.6), one obtains 




Stt^ 


7<;2p‘ 


io. 


flU 


127r2 


(0, 



2^(2,0) ^ ^(1,1) 


IGtt^ 

w 





so that eq. (D.4) is violated and, furthermore, this happens independently of the arbitrary 
part of the solution in eq. (D.6). Hence, the only way to make 25'*^^’'^^ + zero is by taking 
p to inhnity, which would turn our solution into the trivial one. 


This conclusion still holds for the most general Seiberg-Witten map at order h , given by 
eq. (2.14). It turns out that the expression for obtained with this map is the same as 
the one derived with the standard map for arbitrary tending to zero at inhnity. Therefore, 
the held conhguration in eq. (D.6) is the most general classical solution at order h6^'^ with 
unit topological charge for an arbitrary Seiberg-Witten map. When checking whether the 
conditions in eq. (D.4) hold, the values of and are unchanged since so is . 

It can also be seen that, for held conhgurations that are 0-dependent deformations of the 
ordinary instanton, the value of is the same for all the Seiberg-Witten maps. Therefore 

the conditions in eq. (D.4) are always violated, and this concludes the proof of the statement 
made at the beginning of this section. 


10 Appendix E 

In this Appendix sundry formulae are collected. 


10.1 Spinor and SU{2) matrices 


= cT^ = (-^,i), af, = = -ia a/, = {i'a ,1) = ia+ 


= [a 

fMU CXyOi^ 


2 OtyCX.^ 2 Vafiu^a-, 


and analogously for the SU{2) generators r“, a = 1, 2, 3. 

ei2 = +1; ei^ejn = | )ij (r"r+ 


7/. = 




’ -E 


, 75 = -71727374 = 

11 




) "Ifiu 4j Tm’ 7;^. 


(E.l) 
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10.2 SU{3) averages 


fdU=l, 

)dUU,aU^,,= \5,Jrl,, 

JdUU^.a, jlbiUi2a2U^j2b2 ~ SjiaiSiibiSj2a2^i2b2 + 4.3 ('^ )iiai('^ )j2a2('^ )hbi{^ )i2^>2 

J" dUUi^ai jlbi Ui2a2 j2b2 jabs 33 ^jiai *^j 2 Ci 2 ^* 2^2 ^jaa^digl)^ 

+ jiaii^^')j2a2{^^)iibi{^’’)i2b2^j3a3^i3b3 + (3 ^ 1) + (3 ^ 2)] 

8^^ ^ijkdabci^ )iiai (-^'^)i 2 a 2 ("^ )i3«3('^ )nbl('^ )* 2 & 2 ('^ )*3^'3 
fijkfabc{^^)jiai {^^)j2a2 (-^^)i 3 a 3 (-^^)* 2 b 2 (-^^)* 3 fe 3 • 


(E.2) 


10.3 Fourier transform and low momenta approximations 


Fourier transform is defined as follows 


/(p) = /d1re*^^/(a;), f{x) = 


_^-ipx 


(27r) 


fip)- 


In terms of the modified Bessel functions Iu{z) and Kj^iz ), the Fourier transform of the 
functions 0(a;), r(a;), A(a;), x{x) introduced in eq. (C.14) read 

m = 27,p [/„ (f) K, («) - A if) K, («)] , 

U.(p) = 2 t!«„ 4 ^)h. (f)A'. (f). 

A-(p) = (^)ho m Ko m . 


Xaa{p) = 


Siir 

45iip 


(9 - 9\ 


d \ I 3 

dp^ I u du 


14p^ 


d \ _|_ ^ d? 

dp^ I u du 


6(9 + 0)acr f X 


du \ dp 


'/o(f)A'„(f). 


(E.3) 


The variable u stands for . Let ' denote derivative with respect to u. We have the 
following low momenta - up ^ 1 - expansions: 


0'(u)~-^ + O(u), 

r-(u) ~ 0(u), r"(«) ~ OK), T'K ~ ok, 

KAu) ~ o(m), 

xLK~-|^(^-K. + ok. 


(F.4) 
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